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Abstract
Riemannian Manifolds may be C1,1 and the geometry of these man-
ifolds is investigated in [1]. Here, a similar analysis is given for pseudo-
hermitian, torsion-free manifolds whereby, instead of assuming that the
metric is parallel, it is assumed that the metric is pseudohermitian, a
condition adopted by Einstein and elaborated upon in [2]. At the level
of regularity assumed here, Einstein’s formulation of the pseudohermitian
condition is not tensorial and so a reformulation of this condition is given
here. It is shown that a C1,1 manifold is pseudohermitian and torsion-free
if and only if it is Riemannian.
1 Introduction
The Einstein equations, as a system of second-order partial differential
equations, are expected to produce metric solutions that are C1,1 and
hence spacetime coordinates that are C2,1. This level of regularity is suf-
ficient for the existence of locally inertial frames and in [3] such coordinates
are shown to exist in the case of shockwave interactions between shocks
from different characteristic families. See also [4] for the case of a single
shockwave and [5, 6]. In [7], existence of shock wave solutions to the Ein-
stein equations is given in the case of spherically symmetric spacetimes.
In the case of spherically symmetric solutions of the Einstein equations
in the ansatz for the metric used in [7], the metric components have only
C0,1 regularity, i.e., are Lipschitz continuous. In such a spacetime, the
coordinate functions are C1,1 giving the manifold this level of regularity.
This paper investigates the geometry of pseudohermitian spacetimes, to
be defined below.
We assume that we have a manifold M that is C1,1. The Jacobi
Identity is altered and an extra term arises in spacetime torsion leading
to additional terms in the connection and curvature. Failing to account for
these terms introduces a nonzero torsion into spacetime, affects covariant
derivatives and curvature computations, and introduces an extraneous
acceleration into particle paths. Correcting for theses terms requires a
re-evaluation of geometry from a foundational level.
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2 C1,1 Geometry
Define the commutator between coordinate vector fields by
[∂λ, ∂µ] =
∂2
∂xλ∂xµ
−
∂2
∂xµ∂xλ
. (2.1)
Normally, in differential geometry we require [∂λ, ∂µ] = 0 so that manifolds
are endowed with the C2 differential structure of Rn. Clairaut’s Theorem
says that mixed second-order partials commute provided the first-order
partials exist and are continuous in an open set and the second-order
partials are continuous at the point in question. However, this paper
assumes that coordinate functions are only C1,1 and hence a re-evaluation
of the principles of geometry is necessary.
At this level of regularity second-order partials may not commute. In
order to apply Frobenius’ Integrability Condition [8], we must assume that
[∂λ, ∂µ] is in involution and hence
[∂λ, ∂µ] = cλµ
σ
∂σ, (2.2)
where we have used the Einstein summation convention whereby repeated
up and down indices are summed over all permissible values. Note that
cλµ
σ = −cµλ
σ and that these coefficients depend on the nature of the
irregularities in question. The assumption that cλµ
σ
≡ 0 is equivalent
to assuming that spacetime coordinates are C2. Also, we use a 3-index
notation whereby objects that have two lower indices and one upper index
and are skew in the lower indices have the upper index on the right, those
symmetric in the lower indices have the upper index on the left, and those
that are neither have their upper index in the middle.
Note that cλµ
σ is not a tensor since [fX, Y ] = f [X, Y ]− Y (f)X.
Theorem 2.1 The quantities cλµ
ν transform according to
cij
k = cαβ
ν ∂x
α
∂xi
∂xβ
∂xj
∂xk
∂xν
−
∂xα
∂xi
∂xβ
∂xj
(
∂2xk
∂xα∂xβ
−
∂2xk
∂xβ∂xα
)
(2.3)
and also
cij
k = cλµ
ν ∂x
λ
∂xi
∂xµ
∂xj
∂xk
∂xν
+
∂xk
∂xδ
(
∂2xδ
∂xi∂xj
−
∂2xδ
∂xj∂xi
)
. (2.4)
Proof. Equation (2.4) follows by direct substitution into (2.1) and
applying (2.2). Equation (2.3) follows from (2.8) or from (2.4) and a
trivial computation. 
Definition 2.1 The Jacobi tensor is defined by
J(X, Y, Z) = [X, [Y,Z]] + [Z, [X,Y ]] + [Y, [Z,X]]
=
∑
	
[X, [Y,Z]] (2.5)
where
∑
	
is the sum over cyclic permutations of the vector fields.
That J(X, Y, Z) is a tensor follows by a short computation.
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Theorem 2.2 The Jacobi tensor vanishes when cαβ
σ
≡ 0 and
Jαβγ
σ = (cαβ
σ),γ + cαβ
δ
cγδ
σ +(cγα
σ),β + cγα
δ
cβδ
σ +(cβγ
σ),α+ cβγ
δ
cαδ
σ
.
(2.6)
Proof: The proof follows by applying (2.2) to the coordinate repre-
sentation of (2.5). 
Note that the Jocobi tensor may require interpretation in the sense
of distributions. Also, the failure of the Jacobi tensor to vanish has im-
portant implications for the differential geometry of C1,1 manifolds. The
nature of this failure may include delta functions, though regardless the
failure occurs on a set of measure zero.
The components of the connection satisfy
∇∂λ∂µ = Γ
σ
µ λ∂σ (2.7)
where special note must be taken concerning index location and spacing.
Theorem 2.3 So that covariant derivatives yield tensors, the components
of the connection must transform according to
Γ ki j = Γ
ν
µ λ
∂xµ
∂xi
∂xλ
∂xj
∂xk
∂xν
−
∂xλ
∂xj
∂xµ
∂xi
∂2xk
∂xλ∂xµ
= Γ νµ λ
∂xµ
∂xi
∂xλ
∂xj
∂xk
∂xν
+
∂xk
∂xδ
∂2xδ
∂xj∂xi
. (2.8)
Proof: This is a short computation. 
Note that since second-order partials do not commute, care must be
taken with respect to the order of the indices in (2.8).
Definition 2.2 Any object with two lower indices and one upper index
that transforms according to the pattern in (2.8) is called a connection.
Definition 2.3 The torsion tensor is defined by
T (X,Y ) = ∇XY −∇YX − [X,Y ]. (2.9)
That (2.9) is a tensor follows by a short computation.
Coordinates for the torsion tensor are given by
Tλµ
ν = Γ νµ λ − Γ
ν
λ µ − cλµ
ν (2.10)
and are skew in their lower indices, Tλµ
ν = −Tµλ
ν .
Theorem 2.4 For C1,1 manifolds, torsion-free connections satisfy
Γ αµ λ = Γ
α
λ µ + cλµ
α
. (2.11)
Proof: Torsion-free connections satisfy
T (X,Y ) = ∇XY −∇YX − [X, Y ] = 0,
which will be affected by the integrability conditions (2.2). This means
that
0 =∇∂λ∂µ −∇∂µ∂λ − [∂λ, ∂µ]
= Γ αµ λ∂α − Γ
α
λ µ∂α − cλµ
α
∂α
3
and hence (2.11) holds. 
Nota bene: Components of the connection are not necessarily symmet-
ric in their lower indices, and
Γ αλ µ − Γ
α
µ λ = −cλµ
α
. (2.12)
3 The Pseudohermitian Condition
The pseudohermitian condition was investigated by Einstein, and a de-
velopment of the corresponding theory may be found in [2]. In Einstein’s
analysis, the metric was not assumed to be symmetric. Here, the metric
is assumed to be symmetric.
Definition 3.1 A metric gλµ is called parallel if
0 = ∂ωgλµ − Γ
σ
λ ωgσµ − Γ
σ
µ ωgλσ. (3.1)
In [2], a metric gλµ is called pseudohermitian if
0 = ∂ωgλµ − Γ
σ
λ ωgσµ − Γ
σ
ω µgλσ. (3.2)
Take special note of the indices of the connection components in the last
term for these two definitions. Since the connection components are not
symmetric in the lower indices, condition (3.2) yields a geometry distinct
from the Riemannian geometry determined by (3.1).
In the present context of C1,1 manifolds, the pseudohermitian condi-
tion cannot be defined by (3.2) since the expression on the right-hand-side
is not tensorial at this level of regularity. In cognizance of (2.11), we must
alter the definition in a way that is manifestly tensorial as follows:
Definition 3.2 A metric gλµ is called pseudohermitian if
0 =D∂ω (g)(∂λ, ∂µ) + g(∂λ, T (∂ω, ∂µ))
= ∂ωgλµ − Γ
σ
λ ωgσµ − Γ
σ
ω µgλσ − cµω
σ
gλσ. (3.3)
It immediately follows that a manifold is pseudohermitian and torsion-
free if and only if it is Riemannian, i.e., the metric is parallel and the
torsion is identically zero. From this, all of the analysis in [1] holds for
pseudohermitian, torsion-free manifolds.
4 Conclusion
At the level of C1,1 regularity, the definition of pseudohermitian manifolds
found in [2] fails to be tensorial and hence requires modification. A man-
ifestly tensorial definition is given here from which it immediately follows
that pseudohermitian, torsion-free manifolds are Riemannian. It follows
that all of the analysis found in [1] applies to the present case as well.
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